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Calorimetry of a harmonically trapped Bose gas
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We experimentally study the energy-temperature relationship of a harmonically trapped Bose-
Einstein condensate by transferring a known quantity of energy to the condensate and measuring
the resulting temperature change. We consider two methods of heat transfer, the first using a free
expansion under gravity and the second using an optical standing wave to diffract the atoms in the
potential. We investigate the effect of interactions on the thermodynamics and compare our results
to various finite temperature theories.
PACS numbers: 64.70.Tg, 05.30.Rt, 67.85.Hj
I. INTRODUCTION
Calorimetric studies have long been valuable tools
for rigorous tests of physical law, ranging from Joseph
Black’s early work on latent heat, to measurements of the
metallic specific heat showing the inadequacy of Drude’s
classical model. More recently, the high degree of con-
trol available in cold atomic gases has opened up excit-
ing avenues for experimental verification of finite tem-
perature theories of Bose and Fermi gases [1]. To date,
however, there have been few works experimentally in-
vestigating the energy-temperature relationship of a har-
monically trapped Bose gas. Pioneering work performed
by Ensher et al. relied on extracting both release energy
and temperature information from time-of-flight images
at different evaporation points [2]. This work was ex-
tended by Gerbier et al., whose measurements of the re-
lease energy were found to be in good agreement with
Hartree-Fock theory for an interacting gas [3]. Gati et
al. have measured temperature dependent phase fluctu-
ations of an ideal Bose gas and revealed qualitatively that
the system deviates from a classical gas [4].
To further study the energy dependence of Bose-
Einstein condensate (BEC) thermodynamics, two op-
tions present themselves. Firstly, an improvement in
the ability to extract thermodynamic information from
time-of-flight images could extend the results presented
in [2, 3]. Secondly, an alternative method to study the
energy-temperature relationship could be envisioned, al-
lowing the total internal energy of the system to be mea-
sured, rather than just the release energy. New meth-
ods to study this relationship are emerging, motivated
by the recent characterization of the heat capacity of
a strongly interacting Fermi gas [5, 6]. An attempt to
measure the specific heat of an ultracold Bose gas using
a time-dependent trapping potential, as well as by heat-
ing using laser pulses, has been performed [7], although
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obtaining accurate data was found to be impractical in
their system. A recent experiment has extracted infor-
mation regarding the heat capacity of a Bose gas using
global variables [8].
In this paper we follow the theoretical proposal of
Blakie et al. to transfer a known quantity of irreversible
work to a BEC and measure the resulting tempera-
ture [1]. By utilizing two independent methods we per-
form known, precise amounts of work on a 87Rb con-
densate. The resulting temperature is measured after a
period of thermalization, giving the transferred energy
as a function of temperature. This provides a rigorous
test of the energy dependence of the thermodynamics of
our system, as energy and temperature measurements are
performed independently. Our approach contrasts that
of Ensher et al., who measure their system at differing
evaporation points, extracting both energy and temper-
ature information from time-of-flight images. Further-
more, our approach is not sensitive to the ground state
energy of the system present at T = 0, allowing a more di-
rect comparison with the specific heat. Our results from
the two methods compare well, both with each other and
with Hartree-Fock numerical calculations for an interact-
ing gas.
The paper is organised as follows: Section II reviews
the experimental parameters and methods. Sec. III de-
tails the temperature measurements. The two methods
of energy transfer are discussed in Sec. IV and Sec. V.
We close with a discussion and conclusion in Sec. VI and
Sec. VII respectively.
II. EXPERIMENTAL PARAMETERS
Our experiment involves a BEC of ∼ 2× 104 87Rb
atoms prepared in the |F = 1;mF = −1〉 ground state,
and held in an optical dipole trap [9]. The trap is formed
at the intersection of two focused CO2 laser beams,
with wavelength 10.6 µm, and each with a 1/e2 radius
of 33 µm. The CO2 laser power is stabilised using a
closed-loop feedback system to ensure long term repro-
ducibility of the trap depth, BEC atom number, and
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FIG. 1. (Color online) The trap laser power sequence in the
experiment. Following the production of the BEC, the laser
power is adiabatically ramped up with an exponential profile
over 100 ms, increasing the trap depth to 3.3 µK - 5 µK.
Work is then done on the condensate in one of two ways: (a)
the release of the atoms for a time theat = 0-1000 µs leads to
falling expansion of the cloud, resulting in increased kinetic
and potential energy when the trap is subsequently reinstated;
(b) a 300 ns pulse of an off-resonant standing wave leads to
diffraction of a fraction of the atoms. Following either of these
is a 100 ms period of thermalization, before the condensate is
left to expand for 10 ms to allow the momentum distribution
to be imaged via time-of-flight.
temperature. After loading atoms into the dipole trap
from a magneto-optical trap operating on the 780.2 nm
(5s)2S1/2 → (5p)
2P3/2 transition, a 6 second evapora-
tive cooling sequence is used to produce a BEC. We
then execute the experimental sequence shown in Fig-
ure 1. The laser power is adiabatically ramped to a
higher value over 100 ms using an exponential profile.
The deeper potential resulting from this ramp prevents
atom loss during the heating process. The adiabaticity of
this ramp has been confirmed by ensuring that negligible
non-condensed fraction exists following the ramp and a
100 ms hold time at the final laser power. We then trans-
fer a precise amount of energy to the system, using one of
two methods, before allowing the system to rethermalize
for 100 ms.
We approximate our optical dipole trap as a harmonic
potential characterized by a set of frequencies ωj that
define the potential in three dimensions. These frequen-
cies are measured through a parametric heating process
[10], where the trap depth is modulated sinusoidally for
a period of 200 ms with an amplitude of ∼ 10% of the
total trap depth. Parametric excitation along dimension
j occurs for ωmod = 2ωj/n, for integer n. Measurements
of the excitation frequencies allow us to characterize our
trap and calculate the critical condensation temperature
for an ideal Bose gas T 0c , given by
T 0c =
h¯ω¯
kB
[
N
ζ(3)
]1/3
, (1)
where ω¯ = (ωxωyωz)
1/3 is the geometric mean of the
trapping frequencies, kB is the Boltzmann constant, N
is the number of atoms, and ζ(α) =
∑∞
n=1 n
−α is the
Riemann zeta function (e.g. see [11]).
We ensure that the initial system is at zero tempera-
ture by evaporating to a point where the thermal frac-
tion can no longer be observed. We find that any further
lowering of the trapping potential only leads to strong
depletion of the condensate, and conclude that the zero
initial temperature condition is satisfied.
In our system, the interaction energy of the initial BEC
far outweighs the kinetic energy, as Nas/aho ≫ 1, where
as is the s-wave scattering length, and aho =
√
h¯/mω¯ is
the characteristic harmonic oscillator length [12], where
m is the mass of an atom. Typically we find that
Nas/aho > 100, and can assume the Thomas-Fermi ap-
proximation applies.
III. TEMPERATURE MEASUREMENT
The temperature and number of atoms are measured
using time-of-flight imaging with resonant absorption,
and the properties of the atomic clouds are inferred from
these images. Following an experimental sequence, the
dipole trap containing the atoms is rapidly switched off
using an acousto-optic modulator, and the atoms are al-
lowed to freely expand for 10 ms. After a repumping
pulse, the atoms are probed with a 100 µs pulse on reso-
nance with the |F = 2〉 → |F ′ = 3〉 transition. The probe
light has an intensity of 1 mW/cm2, which is less than
the saturation intensity of 1.6 mW/cm2.
When processing time-of-flight images we first sub-
tract the average background of all images and apply
a fringe-removal algorithm [13], improving our signal-to-
noise ratio and ability to detect low density components
of the expanded atomic cloud. The images are then in-
tegrated along the x- and y-dimensions to obtain two
one-dimensional density profiles, from which we extract
both the temperature and the number of atoms of our
sample.
Above the critical temperature, the expansion of an
ideal Bose gas evolves according to a simple scaling rela-
tion, where we can define the effective temperature after
an expansion time t in dimension i = x, y as
Ti =
m
kB
ω2i σ
2
i (t)
1 + (ωit)2
. (2)
Here, σ2i (t) is the variance of the resulting distribution as
a function of the expansion time. Far above the experi-
mentally observed critical temperature Tc, this can be de-
termined by a fit to a Gaussian function. Close to Tc and
below, the density distribution of the thermal cloud be-
comes predominantly the Bose-distribution, and by set-
ting the chemical potential to zero, it can be described
by a Bose-enhanced Gaussian [14]. In the hydrodynamic
regime, there is the possibility of anisotropic expansion
for a very elongated trap, which occurs when the mean
free path of the atoms is less than the dimension of the
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FIG. 2. An example temperature measurement below Tc. (a)
The bimodal fit applied to a sample along the y-dimension,
where we have inferred the temperature from a fit to the grey
shaded region, here with S = 1.2. Here the position y has
been scaled by the Thomas-Fermi radius Ry. (b) The effect
of scanning S on the temperature measurement for a sample
image. The grey shaded region indicates the typical values of
S used to infer the temperature.
trap (e.g. see [3]). For the experiments presented in this
paper our trap is nearly isotropic, as we have ωx ≈ 1.4ωy,
with ω¯/(2pi) = (220± 5) Hz and (271± 5) Hz for the two
experiments. In addition, the 10 ms expansion time used
sets (ωit)
2 ≫ 1, and hence we can assume that the ex-
pansion of the ideal thermal component to be isotropic,
as observed experimentally. We therefore are able to as-
sume that Tx = Ty = T .
Below the critical temperature there exists a non-
negligible condensed fraction, and as such the assump-
tion of a ballistic expansion for the entire cloud is no
longer valid. We therefore extract the temperature using
the method presented in [15]. The central interacting re-
gion is systematically excluded from our measurements
by performing multiple fits of a Bose-enhanced Gaussian
to the wings of the profile, with a varying cut-off width
for the excluded central region. For each fit, the width of
this region is determined by a scaling factor S, such that
the region |xi| ≤ SRi is excluded from the fit, as shown
in Figure 2(a). Here Ri is the Thomas-Fermi radius of
the condensed fraction in dimension xi, with i = x, y.
S is chosen such that the region excluded for the fit is
larger than the width of the condensed fraction, as sam-
pling this region would cause us to systematically under-
estimate the temperature. On the other hand, if S is
too large, we are limited by the signal-to-noise ratio of
our images. There exists an intermediate region where
the measured temperature depends only weakly on the
width of the excluded region, which we typically find to
be 1.1 ≤ S ≤ 1.4. We infer the temperature from this
region, as illustrated in Figure 2(b).
This technique is only valid when the extent of the
thermal profile is much larger than that of the con-
densed fraction, and thus fails at very low temperatures.
In our experiment this is more pronounced in one di-
rection, due to higher oscillator frequency in that di-
mension (ωx ≈ 1.4ωy). We therefore choose to extract
temperature information from the y−dimension, where
the resulting momentum distribution of the condensate
fraction is narrower, and apply a temperature cut-off at
T ≤ 0.3Tc. An investigation of the very low tempera-
ture region (T < 0.3Tc) would require a new thermome-
try technique to be used, such as recently presented by
Olf et al. This technique involves analyzing the deco-
herence of a quantum superposition of spin states, which
allows them to measure temperatures as low as 0.02Tc
[16].
To check the accuracy of our temperature measure-
ment well below Tc, we have simulated the mean-field
effect of the condensate on the thermal cloud as the gas
expands. We model the expansion of the condensate us-
ing hydrodynamic scaling [17]. For the thermal cloud we
use two approaches, Monte Carlo with 107 test particles
[18], and a scaling approach after [19]. In both cases we
find that the effect on the temperature measurement is
less than 10%.
For higher temperatures, still below Tc, the magnitude
of this effect is decreased due to the smaller condensed
fraction. We estimate the uncertainty on T here to be
5%, accounting for the uncertainty in length calibration,
possible collisional effects during expansion, and any vari-
ance of the temperature measurement depending on the
specific choice of S.
The atom number is obtained from a bimodal fit to
the absorption profile [14]. For temperatures below Tc,
we perform a bimodal fit of a Bose-enhanced Gaussian to
the thermal fraction, and a Thomas-Fermi profile to the
condensed fraction using the method presented in [15].
Integration over the entire bimodal profile gives the to-
tal optical density
∑
nOD, which is directly proportional
to the number of atoms N , given by N =
∑
nODAp/σ.
Here Ap is the area of a pixel, and σ = αsσ0 is the exper-
imental absorption cross-section. Here σ0 = 3λP /(2pi),
with λP being the wavelength of the probe laser beam
used in the imaging process, and αs is a scaling factor
that allows us to account for the Clebsch-Gordan coef-
ficients combined with the experimental distribution of
magnetic substates following repumping. For an even
distribution across the magnetic substates, as would be
the case after repumping, αs = 0.47. Experimentally, we
independently determine αs by observing experimental
images having a temperature close to Tc. We then scale
our measured number of atoms such that the measured
temperature agrees with the theoretical critical tempera-
ture Tint, which we have determined to be Tint = 0.94T
0
c
from Hartree-Fock numerical simulations. Due to the na-
ture of the interacting transition, the condensed fraction
does not go abruptly to zero as the temperature crosses
Tint, as in the ideal case. Using this method we deter-
mine that αs = 0.45± 0.07.
IV. ENERGY TRANSFER VIA GRAVITY AND
EXPANSION.
We utilize two separate methods for transferring en-
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FIG. 3. (Color online) Simulation results showing the energy
per atom for a mean-field expansion of the ground state of
our harmonic trap as a function of theat. (a) The energy
contributions due to a free expansion without gravity about
the trap minimum, including the ground-state energy. Eexp
is the sum of the potential, interaction, and kinetic terms.
(b) The contributions to the total energy transferred to the
system, excluding any initial ground state energy. Here Eexp
is the same curve shown in (a), minus the initial ground state
energy, and Edrop has been split into its potential and kinetic
components.
Blakie et al. [1]. Here we consider an irreversible work
process: a Bose-Einstein condensate is released from the
trapping potential and allowed to expand under the influ-
ence of gravity. After a time theat (typically 0−1000 µs),
the atoms are recaptured, and allowed to rethermalize.
There are three contributions to the amount of work
done on the atoms during this process. One, the atoms
fall under gravity (acceleration g) and gain kinetic en-
ergy; two, the displacement h = 1
2
gt2heat from the fall
leads to a potential energy gain when the trap is rein-
stated; three, the larger cloud size after the expansion
results in greater potential energy when the trap poten-
tial is restored. Energy from the first two contributions
will be coupled to a center-of-mass oscillation in the po-
tential in the z-direction, known as the “Kohn” mode
[20]. Although this mode will theoretically persist in
a harmonic trap, we observe that these oscillations are
damped in the thermalization process after ∼ 50 ms. We
attribute this to anharmonicities in the Gaussian laser
trap profile [21]. Due to the observed damping of the
Kohn mode, we consider this energy to be completely
available for rethermalization, and to have the form
Edrop = N
(
1
2
mω2zh
2 +mgh
)
, (3)
where ωz is the trap frequency parallel to the direction
of gravity.
To calculate the energy acquired from expansion of
the cloud, we assume that the atoms will undergo a
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FIG. 4. (Color online) Experimental data for the gravity ex-
periment plotted with theoretical curves. Experimental pa-
rameters are N = (2.2 ± 0.3) × 104 and ω¯/2pi = 220 ± 5 Hz.
The interacting gas curve is a Hartree-Fock numerical simula-
tion, with the T = 0 ground state energy subtracted, to rep-
resent the transferred energy. The shaded region represents
our uncertainty in determining T 0c for the finite-size effects
theoretical curve.
self-similar expansion, with widths evolving according
to Rj(t) = λj(t)Rj(0) [17]. Here Rj(t) are the Thomas-
Fermi profile condensate widths in directions j = x, y, z,
and the evolution of λj is given by
λ¨j =
ω2j (0)
λjλxλyλz
, (4)
with λj(0) = 1. Blakie et al. [1] have shown that the
energy transferred to the system due to a symmetric ex-
pansion about the trap minimum is given by
Eexp =
NµTF
7

2− 5γ¯6/5 +
3∑
j=1
γ2j λ
2
j (theat)

 , (5)
where µTF is the Thomas-Fermi chemical potential,
γj = ω
′
j/ωj is the ratio of trapping frequencies before and
after theat, and γ¯ = (γxγyγz)
1/3
. In our experiment we
constrain the trapping frequencies both before and af-
ter theat to be identical, such that γj = 1, reducing this
expression to
Eexp =
NµTF
7

−3 +
3∑
j=1
λ2j(theat)

 . (6)
The various contributions to Eexp are shown in Figure
3(a). The total amount of energy transferred to the sys-
tem and available for rethermalization is then the sum of
the contributions Edrop and Eexp.
We wish to reduce the dependence of our energy calcu-
lation on the absolute number of atoms N , which has an
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FIG. 5. (Color online) Experimental determination of the en-
ergy of a kick. The top image represents a time-of-flight im-
age. The bottom image shows the integral of the time-of-flight
image along the x-dimension (vertical in image), allowing us
to determine the fraction of atoms at each momenta by fitting
a Gaussian profile to each peak.
uncertainty of 15% due to the error in αs. We therefore
choose to calculate the energy per particle, rather than
the total energy transferred to the atoms. In this sce-
nario, only Eexp/N maintains a dependence on N , with
µTF proportional to N
2/5. This term accounts for less
than 20% of the total energy in our experiment, as shown
by a numerical simulation in Figure 3. Here we have cal-
culated the ground state of our harmonic potential in
three dimensions by solving for the ground state of the
Gross-Pitaevskii equation for our trap parameters. This
initial condition is then allowed to expand under gravity
for up to 1000 µs using a split-step Fourier method.
The uncertainty in Edrop/N is mainly due to the un-
certainty in the measurement of the trap frequency ωz,
used for determining the potential energy contribution in
equation 3, giving an uncertainty of 4% for this compo-
nent. The accuracy of the kinetic component of Edrop/N
is due to our accuracy in determining the local value of
g, as well as the timing accuracy in our experiment. This
component accounts for more than half of the total en-
ergy transferred to the system, and has an uncertainty
of < 1%.
Experimental results are shown in Figure 4, and have
been plotted with a Hartree-Fock calculation for this sys-
tem. As we are only interested in the energy transferred
to the system, the ground state energy present at T = 0 is
subtracted from the theoretical curve. This allows us to
make close comparisons with the specific heat of the sys-
tem, which is defined as the temperature derivative of the
energy per particle. The theoretical curve for an ideal gas
with finite-size effects includes a shaded region represent-
ing the uncertainty in our determination of the critical
temperature T 0c , which is mainly due to the uncertainty
in the absolute measurement of N . Notwithstanding the
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FIG. 6. (Color online) Logarithmic plot of experimental data
and theoretical curves. The theoretical curves represent en-
ergy transferred to the system only, and any ground state
energy at T = 0 has been neglected. Parameters for the grav-
ity experiment are N = (2.2± 0.3)× 104, ω¯/2pi = 220± 5 Hz
and theat = 0 − 1000 µs. Parameters for the kicking exper-
iment are N = (2.1 ± 0.3) × 104, ω¯/2pi = 271 ± 5 Hz and
k = 0→ 1.9.
15% error in N , the Hartree-Fock numerical simulation
gives a better description of the behavior of our data than
an ideal gas having finite-size effects.
V. ENERGY TRANSFER VIA AN OPTICAL
PHASE GRATING
To support our previous evidence, which relies on a
calculation of the work done on the BEC, we utilize a
separate method which allows for a direct measurement
of the transferred energy. Here, we transfer energy to
the system using a single pulse of an optical standing
wave, as indicated in Figure 1(b), before allowing the
system to rethermalize. Using a setup analogous to the
atom-optics kicked rotor pioneered by Raizen and co-
workers [22, 23], we apply a short 300 ns pulse to the
atoms, diffracting the system into quantized momentum
orders. An additional advantage of this method is that
the Kohn mode is naturally not present, as the diffrac-
tion is symmetric about zero momentum. We use a pair
of counter-propagating laser beams to form our standing
wave, with the beams red-detuned by 120 GHz from the
|F = 1〉 → |F ′ = 2〉 resonant transition, such that the ef-
fects of spontaneous emission are negligible. The atoms
are diffracted into quantized momentum states, with the
nth momentum state having momenta 2nh¯kL, where kL
is the wavenumber of the laser and n is integer.
In a separate calibration experiment, we quantitatively
measure the amount of energy transferred as a function
of kick-strength, given by k = τΩ2/δ, where τ is the pulse
length, Ω is the Rabi frequency of a single beam and δ is
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FIG. 7. (Color online) Theoretical curves showing the specific
heat, defined as the temperature derivative of the energy per
particle, for various theoretical treatments of a harmonically
trapped Bose gas.
the detuning. Experimentally, k is varied by controlling
the intensity of the laser for each pulse using an acousto-
optic modulator, and we utilise k = 0→ 1.9. We measure
the resulting momentum distribution by turning off the
trap immediately after the kick and observing the atoms
after a 10 ms expansion time, as shown in Figure 5. The
total energy transferred to the system is computed as
Ekick =
2Nh¯2k2L
m
∑
n
fnn
2, (7)
where fn is the fraction of atoms in the nth momentum
state, for integer n. We again scale this energy mea-
surement by N to remove the dependence of our energy
measurement on our determination of the absolute num-
ber of atoms. The uncertainty in Ekick/N is then due
to shot-to-shot variation in intensity of the kicking laser
and the temporal width of the pulse. We perform mul-
tiple calibration runs to obtain an average transferred
energy, and allow the variation to be experimentally rep-
resented as a variation in the resulting temperature after
thermalization. We find that the shot-to-shot variation
in Ekick/N can be up to 10%.
Once Ekick/N has been calibrated we repeat the exper-
iment, but allow the atoms to rethermalize in the trap
for 100 ms following the kick, before imaging the system
via time-of-flight. The experimental data are shown in
Figure 6.
VI. DISCUSSION
Figure 6 shows both sets of experimental data on a
logarithmic axis. Here we scale the temperature by the
ideal gas critical temperature T 0c , and the energy per par-
ticle by the characteristic energy of the transition kBT
0
c .
The data clearly deviates from the classical prediction
of E = 3NkBT , where we would expect E = kBT/2 in
each of the three potential and three kinetic degrees of
freedom from the equipartition theorem. There is also a
deviation from the prediction for an ideal Bose gas. This
deviation is beyond finite-size corrections [24, 25], and is
consistent with Hartree-Fock simulations of an interact-
ing gas. Corrections to the Hartree-Fock approximation,
such as in Hartree-Fock-Bogoliubov-Popov theory [12],
are very small for our system, and impractical to mea-
sure. Theoretical studies have shown that the Hartree-
Fock approximation can accurately reproduce the ther-
modynamic properties of a trapped Bose gas [26, 27], and
we have confirmed through simulation that these two the-
ories give very similar results for our system.
The specific heat is defined as the temperature deriva-
tive of the energy per particle, in our case with the exter-
nal potential held constant. Taking numerical derivatives
of our experimental data is impractical. We can instead
make comparisons with the specific heat extracted from
derivatives of the theoretical curves, shown in Figure 7.
We find that our experiments support the notion that
the presence of interactions will tend to increase the spe-
cific heat at low temperatures when compared to an ideal
Bose gas. This can can be understood as a consequence
of the repulsion of the thermal atoms by a large conden-
sate fraction. The effective potential seen by the thermal
atoms is modified to a “Mexican hat” type potential [28],
increasing the volume occupied by the thermal atoms,
thereby increasing the density of states. Consequently,
this allows the otherwise “saturated” thermal cloud to
hold more atoms, and hence more energy.
VII. CONCLUSION
We have directly measured the energy-temperature re-
lationship of an interacting, harmonically trapped, ultra-
cold Bose gas. Two separate calorimetric techniques have
produced similar results; namely, that interactions lead
to an increased specific heat from the ideal gas predic-
tion, which is proportional to T 3 below T 0c . We have per-
formed quantitative measurements, utilising independent
determinations of the energy and temperature, that are
well described by Hartree-Fock theory. Future research
could involve a thorough investigation of the effect of in-
teractions on the specific heat by employing Feshbach
resonances, an investigation into ways to reduce error in
the experiment, and a detailed investigation of the ther-
malization process.
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